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a b s t r a c t
3D local descriptors are the fundamental and essential elements that have been commonly
applied in 3D computer vision. This paper proposes a novel and effective 3D local descriptor for describing the 3D local shape. The research focuses on accelerating the descriptor generation by simplifying the Local Reference Frame (LRF) and optimizing the feature
space through a Weighted Height Image (WHI). An in-depth theoretical analysis of the LRF
is conducted. Then, this study proposes a simpliﬁed LRF to reduce the redundant computations of the covariance matrix and share the calculations with the 3D information coding.
Besides, the feature space is modeled and analyzed in this paper. Based on the analysis, we
propose a weighting function to strengthen the abilities of the feature representation. The
experimental results indicate that the proposed WHI descriptor outperforms the state-ofthe-art (SOTA) algorithms in terms of accuracy and eﬃciency. Meanwhile, the compactness
of the WHI is about six times more than that of the SOTA algorithms. Moreover, for the
application of point cloud registration, the proposed WHI exhibits high effectiveness in
terms of both accuracy and real-time capability.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction
3D local descriptors are frequently used for describing the features of the local 3D shape in point cloud, which is a fundamental research topic in 3D vision. Similar to the features extracted from the 2D images that have been widely applied in
image recognition [20,47] and image retrieval [19,46], 3D features have also been extensively used in 3D object recognition
[4,13,15] and 3D object retrieval [1,14,35]. Moreover, they are the key technologies for point cloud registration [16,18,30] and
3D reconstruction [29,33,38,49]. However, obtaining an effective and compact 3D local descriptor is still a challenging task,
which faces three major problems. First, the robustness and descriptiveness of the descriptors can be seriously affected by
noise, occlusions and point cloud self-similarities, which frequently occurs in real applications. Second, the existing 3D local
descriptors are time-consuming due to the large scale point clouds, which is not applicable for many real-time applications,
such as automatic driving and robot navigation. Third, with the extensive applications of point cloud data, the processing,
storage and transmission of mass data have become a new bottleneck. To this end, the scope of this paper focuses on the
study of seeking a more robust, eﬃcient, and compact 3D shape description method.
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3D shape description is a process of the 3D information coding. In the process, the ﬁrst fundamental attribute that should
be considered is the rotation invariance. Concerning this point, the existing 3D local descriptors can be classiﬁed into two
categories, one is the Rotation-Invariant Metrics (RIM) based methods and the other is the Local Reference Frame (LRF) based
methods. In general, the RIM based methods directly encode the particularly designed rotation-invariant metrics, such as
angles, distances, circular bins and frequency domain coding. The classical algorithms include the Point Feature Histograms
(PFH) [31], Fast Point Feature Histograms (FPFH) [30], Spin Image (SI) [21], Log-Polar Height Map (LPHM) [25], Local Feature
Statistics Histogram (LFSH) [40], to name a few. However, these RIM based methods suffer from the following problems.
Firstly, some metrics are not robust. For example, angles and frequency domain coding are sensitive to noise. Secondly,
the calculation of some metrics is complex and time-consuming, such as the PFH and FPFH. Thirdly, most of the coding is
irreversible, i.e., the metrics calculation through information coding would result in a loss of the original information.
In contrast, the LRF based methods have obvious advantages. On one hand, these methods estimate a rotation-invariant
local coordinate system, i.e., LRF, which is more repeatable and robust to occlusions and clutter. On the other hand, beneﬁtting from the LRF, the 3D information coding process becomes easier due to the absence of the rotation invariance
consideration, which allows the coding process to retain the original information. The classical LRF based algorithms include the Unique Shape Context (USC) [35,36], Signature of Histograms of OrienTations (SHOT) [33,36], Rotational Projection
Statistics (RoPS) [15,17], Triple Orthogonal Local Depth Images (TOLDI) [42], to name a few. Due to the advantages of the
LRF, the LRF based methods have become a research hotspot in recent years. However, the estimation of the LRF increases
the time cost of the descriptor. For most of the existing methods, the LRF estimation and the 3D information coding are two
independent processes, within which redundant computations are involved, limiting the eﬃciency. For the sake of eﬃciency,
some methods adopted 2D forms for 3D representation. Because 2D forms have fewer dimensions and thus, more eﬃcient
than 3D forms, such as the snapshots [24], LPHM [25] and TOLDI [42]. However, these methods ignore the special properties
of the feature space, which sacriﬁces the abilities of the feature representation.
Based on the above investigations, it is worth noting that the LRF estimation is time-consuming, and there has been
little research focuses on the feature space modeling and optimization. Therefore, the motivation of this paper is to enhance
the LRF based methods by simplifying the calculations as well as optimizing the feature space. A more robust, eﬃcient and
compact 3D shape descriptor is proposed. Firstly, with respect to eﬃciency, a simpliﬁed LRF is proposed by reducing the
redundant calculations. Moreover, special modiﬁcations are designed such that the LRF estimation and the 3D information
coding can share some calculations. Regarding the feature space optimization, a weighting function is proposed through
mathematical modeling and analysis, such that the abilities of the feature representation can be strengthened.
In particular, ﬁrstly, we make a theoretical analysis of the EigenValue Decomposition (EVD) based LRF, which shows that
a robust LRF estimation is an ill-conditioned problem. This is because the axes are determined by the difference of the
eigenvalues. This difference is not an absolute but a relative difference, i.e., the ratio between the eigenvalues. Therefore,
omitting the normalization factor of the covariance matrix will not change the ratio between the eigenvalues. Furthermore,
in the case of occlusions, the covariance matrix calculated in a small region is more robust than in a larger one. While in
the case of no occlusion, the smaller region will not decrease the robustness of the LRF. So we can properly reduce the
region corresponding to the covariance matrix. Therefore, in this paper, we simplify the LRF from the above two aspects for
improving the overall eﬃciency of the descriptor. At the same time, since the signs of eigenvectors obtained by EVD are
ambiguous [3], we propose a sign disambiguation method by summing the different coordinates of the neighboring points,
which makes some calculations in the LRF be reused in the 3D information coding.
Secondly, a Weighted Height Image (WHI) method is proposed to make the information coding function be close to
well-condition, and then further reduce the negative inﬂuence of the coordinate change caused by the LRF estimation error.
Compared with the state-of-the-art (SOTA) algorithms, a comprehensive evaluation of performance is conducted on three
popular datasets (Bologna, Kinect and Space time [36]). Experimental results show that the proposed method outperforms
the SOTA methods.
Finally, a WHI based point cloud registration method is proposed following the coarse-to-ﬁne strategy [40,45], achieving high accuracy and real-time performance, which further proves the effectiveness of the proposed method. The major
contributions of this paper are summarized as follows:
(1) A simpliﬁed LRF is proposed, which is fast and robust. Meanwhile, some important calculations of the LRF can be
reused in the 3D information coding. As such, the construction of the proposed descriptor becomes more eﬃcient.
(2) A robust, eﬃcient and compact descriptor based on the WHI is presented, which is close to well-condition in feature
space.
(3) A coarse-to-ﬁne point cloud registration method based on the proposed descriptor is proposed, which is real-time
and precise.
Based on the preliminary version, Local Height Image Descriptor (LHID) [34], we make further theoretical analysis and
essential algorithm improvement. The remainder of the paper is organized as follows. Section 2 gives a brief review of the
related popular algorithms. Section 3 theoretically analyzes the LRF and 2D representation of 3D shape, then introduces the
proposed method in detail. Section 4 introduces the evaluation criteria, datasets and experimental setup, then records the
experimental results and analysis. Section 5 introduces the application of WHI on point cloud registration. Section 6 concludes this paper and discusses future work.
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2. Related work
2.1. Rotation-invariant metrics based methods
In the past decades, many descriptors based on the rotation-invariant metrics have been proposed. Such algorithms encode the 3D information while calculating the metrics. These metrics mainly include angles, distances, circular bins and
frequency domain coding. For example, based on the metric of angles, researchers proposed the THRIFT [10], FPFH [30],
LFSH [40] and Statistic of Deviation Angles on Subdivided Space (SDASS) [48]. Based on circular bins, the SI [21] and LFSH
were proposed. While the LPHM [25] and 3D Shape Context (3DSC) [11] were presented based on the rotation invariance of
the frequency domain coding. It is worth noting that in most of the above methods, the calculation of the metrics is usually
based on the normal vector or local reference axis. However, these metrics also have some drawbacks. For example, the calculation of the complex metrics is time-consuming, such as the PFH and FPFH. Meanwhile, some metrics such as the angles
and frequency domain coding are sensitive to noise. Also, most of the metrics are irreversible, meaning that the original
3D information cannot be pushed back from the calculated metrics. For example, the histogram composed of angles cannot
inversely deduce the original local point cloud geometry. So, there is a loss of the information in the metrics calculation.
2.2. Local reference frame based methods
Generally, the LRF is estimated based on the eigenvalue decomposition of the covariance matrix. However, the signs of
the eigenvectors obtained by EVD are ambiguous [3]. In order to get a unique LRF, Tombari et al. [36] proposed reorientation
of the eigenvectors according to the consistency of the vector directions from the neighboring points to the basis point.
Guo et al. [17] presented a scatter matrix based LRF, which is robust to varying mesh resolution, occlusions and clutter.
Yang et al. [42] proposed ﬁrst to solve the Z-axis with EVD, and then calculate the projection vectors and integrate them to
get X-axis. The cross-product between Z-axis and X-axis obtains the Y-axis. There are also some other modiﬁcations of the
LRF, refer to [29,41,50].
The LRF has three uniquely determined axes, which makes it rotation-invariant. Therefore, the descriptors based on the
LRF have gained wide attention. For example, Frome et al. [11] established a spherical coordinate system based on the normal. Then, they divided the sphere into bins and accumulated a weighted count to generate the 3DSC descriptor. Due to the
lack of the LRF, the 3DSC needs to calculate multiple descriptions for every feature point. Then, Tombari et al. [35,36] proposed the USC to improve the 3DSC based on the LRF. Compared with the 3DSC, the USC achieves signiﬁcant improvement
on accuracy and RAM usage. Another LRF based descriptor SHOT [33,36] was also proposed to map angles histograms into
an isotropic spherical grid for seeking a trade-off between descriptiveness and robustness. Some other LRF based methods such as the RoPS [15,17] and TOLDI [42] have also achieved superior performance. These methods usually include two
processes, i.e., the LRF estimation and 3D information coding. However, in the existing methods, these two steps are independent, which limits the eﬃciency of the descriptors. Furthermore, because the LRF is obtained by EVD and the signs need
to be redeﬁned, the existing LRF is still time-consuming.
2.3. 3D information coding
Information coding is the re-expression of the original data. The coding process has a clear objective in different applications as introduced in [19,44]. The 3D information coding is another important factor that should be considered in
generating descriptors with respect to the LRF. We divide the coding methods into two categories, i.e., the signature and
histogram [33]. The signature is deﬁned as mapping the trait values to coordinates, while the histogram is deﬁned as the
count of the trait values. Spatial division based histograms are commonly used for the descriptors. For example, Johnson
and Hebert [21] proposed to divide the cylinder space into rings by radius and elevation. The histogram is generated by a
2D accumulator. As for the 3DSC [11] and USC [35], the bins are obtained in spherical coordinates. However, these methods of space division will produce invalid bins without any points. Larger bins can reduce the number of empty ones, but
this will result in a lower resolution for a descriptor. Another type of histogram is obtained by the statistics of the metrics.
For example, the PFH [31] and its variation FPFH [30] use angles to construct histograms. However, the calculation of the
metrics usually results in a loss of geometric information. Some metrics such as the angles are sensitive to noise. While the
signature based methods usually map the 3D information to a coordinate system. For example, the SHOT [33,36] maps the
histograms into an isotropic spherical grid, producing a hybrid descriptor between the signatures and histograms. Similarly,
Guo et al. [17] rotated the point cloud by several angles and projected the point cloud onto the three planes determined by
the LRF, then combined all the statistics of the distribution matrixes into the descriptors. So this is also a hybrid descriptor.
Another typical signature based method is to use 2D images to encode the 3D information, which is more compact. The
compact feature coding methods have high eﬃciency [7,24,25,39,43]. For example, Yang et al. [39] proposed to use the georeferenced feature image to represent a 3D LiDAR point cloud. As for the descriptors, Malassiotis and Strintzis [24] proposed
to project the 3D points onto the virtual image plane. Masuda [25] proposed to map the height values onto the tangent
plane and transform the coordinate system to log-polar for further encoding. While Yang et al. [42] projected the 3D points
on the three orthometric planes determined by the LRF for the information coding. Unlike RIM based methods, these de-

212

T. Sun, G. Liu and S. Liu et al. / Information Sciences 520 (2020) 209–231

scriptors preserve more of the original information. However, the existing methods usually ignore the special properties of
the feature space, which limits the expression capability of the feature space.
In this paper, we combine the LRF and the 2D image representation to improve the accuracy, eﬃciency and compactness
of the descriptor. Different from the methods in [24,25,42], we propose a more robust and eﬃcient simpliﬁed LRF, which
makes the LRF estimation and the 3D information coding share the calculations. Moreover, a weighting function is also
proposed to improve the capabilities of the feature representation.

3. Analysis and methodology
The ﬂowchart of the proposed descriptor is shown in Fig. 1. It consists of two procedures, i.e., the LRF estimation and
the 3D information coding. In Fig. 1, the ﬁrst procedure includes steps 1–5 as shown in the orange dashed line. The second
procedure includes steps 1 and 4–10 as shown in the green dashed line. The detailed ﬂow of the algorithm as shown in
Fig. 1 is introduced as the following steps:
0.
1.
2.
3.
4.
5.
6.
7.
8.

The inputs include the feature point and the corresponding neighboring points.
The translation-invariant vectors and the distances are calculated from the feature point to its neighboring points.
The above two metrics are used for constructing a simpliﬁed covariance matrix.
After EVD of the covariance matrix, three axes are obtained with ambiguous signs.
All the translation-invariant vectors are projected onto X and Y axes.
The sign of each axis is determined by the sum of the projected values with respect to each direction.
After signs disambiguation, the unique LRF and the projected points without ambiguous signs are obtained.
A weighting function is calculated for optimizing the feature.
The projected points are used for generating a height image. Then the WHI is obtained by using the weighting function to weight the height image.
9. The generated WHI is smoothed by a Gaussian ﬁlter.
10. The output is the vector expanded by the WHI.
In steps 1, 4 and 5, as shown in Fig. 1, the calculations are shared between the LRF estimation and the 3D information
coding, which makes the algorithm more eﬃcient.
In this section, we ﬁrst give a detailed theoretical analysis of the LRF estimation, then propose the simpliﬁed strategy.
Moreover, a new sign disambiguation method by summing the different coordinates is presented. For the 3D information
coding, the coded feature space is modeled and analyzed in detail. Finally, a weighting function is presented for optimizing
the feature space.

Fig. 1. Flowchart of the proposed method. The algorithm consists of two procedures, the LRF estimation and 3D information coding. These two procedures
share the calculations of steps 1, 4 and 5, which are illustrated as the intersection of the two different colored dashed lines. (For interpretation of the
references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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3.1. LRF Estimation
3.1.1. Covariance matrix analysis
LRF is both translational and rotational invariant. Thus, it is widely used in many popular descriptors such as the SHOT
[36], USC [35], RoPS [17] and TOLDI [42]. For the clearness, we ﬁrst analyze the translation and rotation invariance. In threedimensional space R3 , p = [x y z] denotes a point. Hence, in another three-dimensional space R3 , the coordinate of this
point can be expressed as:

p = [x y z][vx vy vz ] + t = pR + t,

(1)

where vx , vy and vz are the column vectors of matrix R. Furthermore, R and t are the rotation matrix and translation vector,
respectively. Eq. (1) means that R3 is transformed to R3 by R and t. For the translation invariance, the most common and
effective metric is the difference between the two points, denoted by pi j = pi − p j . The point after translation is deﬁned as
p = p + t. Then, the translation invariance can be represented by:

p i j = p i − p j = ( pi + t ) − ( p j + t ) = pi − p j = pi j .

(2)

After the LRF being determined on the feature point pf , the neighboring points pi around pf can be expressed as pif . Therefore, the translation invariance of the LRF based methods is guaranteed by the translation-invariant vectors pif .
For rotation invariance, the new reference frame named LRF can be simply interpreted as the inverse of the rotation
matrix R, denoted by R−1 . We deﬁne the point after rotation as p = pR. Then, the rotation invariance can be expressed as:

p = p R−1 = pRR−1 = p.

(3)

The LRF is generally obtained by EVD of the covariance matrix [26]. The covariance matrix is expressed as:

C(
p) =

k
1
T
p ) ( pi − 
p ),
( pi − 
k

(4)

i=0

ˆ represents the barycenter of the neighboring points around the
where k is the number of points in the support region, p
ˆ . At the
feature point pf in the support region. To increase eﬃciency, Tombari et al. [36] substitute the feature point pf for p
same time, they calculate a weighted covariance matrix to resist clutter and occlusions, as:

 

C pf = 

1
i:di ≤R


T 

( R − di ) pi − p f pi − p f ,



(R − di ) i:d ≤R

(5)

i

ˆ with pf not only improves eﬃciency but also imwhere R represents the support radius and di = pi − p f 2 . Replacing p
proves the robustness. In order to demonstrate this point, we assume that an accurate LRF of a feature point pf can be
obtained by giving N neighboring points in the support region. If we move one point pm slightly in the support region, the
ˆ  denotes the changed barycenter. According to Eq. (2), the following formulas
barycenter will also change slightly. Here, p
hold:

ˆ  = pi − p
ˆ,
ˆ  = p
ˆ ⇒ p i − p
p



∀i,

p f = p f

p i = pi ⇒ p i − p f = pi − p f , i = m

p f = p f

p i = pi ⇒ p i − p f = pi − p f , i = m.

(6)

(7)

Eq. (6) shows that all the terms of the sum in Eq. (4) have been changed slightly, while Eq. (7) shows that there is
ˆ ) is larger than that of C(p f ).
only one that has been changed in Eq. (5), which indicates that the estimation error of C(p
ˆ can be considered as independent random variables. We assume that pi , pf and p
ˆ all follow Gaussian
In fact, pi , pf and p
ˆ is
distributions. Random variables pi and pf have the same distribution with zero mean and the variance of σ12 . However, p
ˆ , σ22 , is larger than σ12 , i.e., σ22 > σ12 . The variance
more sensitive to occlusions as illustrated in Fig. 2, so the variance of p
ˆ ) and (pi − p f ) can then be expressed as:
of the random variables (pi − p





ˆ = σ12 + σ22 ,
D pi − p





D pi − p f = σ12 + σ12 = 2σ12 .

(8)

(9)

ˆ ) > D(pi − p f ), indicating that in the case of occlusion, the error of the covariance matrix obtained by
Obviously, D(pi − p
Eq. (4) is larger than that of Eq. (5). Therefore, pf is more suitable for generating the vectors and calculating the covariance
matrix.
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Fig. 2. When point cloud A has occlusions, the overlap between the support region and the foreground does not exist. In this case, the barycenter of the
ˆ and p
ˆ  represent the barycenter of the point cloud A and B, respectively. In
neighboring points in the support region changes signiﬁcantly. The notations p
contrast, the feature point pf remains stationary regardless of the occlusions.

3.1.2. Simpliﬁed LRF
In this section, we ﬁrst present the simpliﬁed LRF, and then exemplify the modiﬁcations in detail based on the analysis.
On the basis of the covariance matrix in Eq. (5) [36], we propose a further simpliﬁcation, expressed as:

 



C pf =


T 

( R − di ) pi − p f pi − p f ,

(10)

i:di ≤μR

where 0 < μ ≤ 1. The factor μ determines the region corresponding to C(pf ). The major modiﬁcations are reducing the
region of the covariance matrix and omitting the normalization factor.
Firstly, the analysis in Section 3.1.1 shows that when there exists occlusions, the pf based covariance matrix C(pf ) in
ˆ based covariance matrix C(p
ˆ ) in Eq. (4). Therefore, we adopt the method based on the
Eq. (5) is more robust than p
feature point pf . However, the occlusions cause part of the points to disappear as illustrated in Fig. 2. So, Eq. (7) becomes



p f = p f

p i = pi ⇒ p i − p f = pi − p f ,

p f = p f

p i = pi ⇒ p i − p f = pi − p f = 0, i = m1 , m2 , · · · , mn .

i = m1 , m2 , · · · , mn

(11)

In Fig. 2, since the points pmi are occluded in the point cloud A, the vectors pmi f = pmi − p f are equivalent to zero vectors,
which increase the error of the covariance matrix calculation. Therefore, pmi can be considered as noise. In order to solve
this problem, we reduce the region corresponding to the covariance matrix by a factor of μ (set to 0.7 in this paper). As
shown in Fig. 3, the reduction greatly reduces the interference caused by occlusions. This further accelerates the calculation
of the covariance matrix by reducing the number of points. When there is no occlusion, the points reduction will not affect
the robustness of the LRF.
1
Secondly, we further simplify the LRF by omitting the normalization factor 
in Eq. (5). Since C(pf ) is a real
symmetric matrix, and its EVD can be expressed as:

C(p f ) = QQT ,

i:di ≤R

(R−di )

(12)

where Q = [γ 1 γ 2 γ 3 ] is an orthogonal matrix, γ 1 , γ 2 and γ 3 are the unit orthogonal eigenvectors. The notation  is a
diagonal matrix composed of the eigenvalues λ1 , λ2 , and λ3 (λ1 > λ2 > λ3 ). As described in [42], the local geometry is more
likely to be ﬂat or symmetric. The X-axis of the LRF is harder to estimate than the Z-axis. This is because the eigenvalues
represent variances in spatial dimensions, and λ3 is usually smaller than λ1 and λ2 , so the Z-axis is easily distinguished

Fig. 3. Point cloud A has occlusions. The ﬁgure shows that if we reduce the support region, the proportion of the interference (the overlap between the
support region and the foreground) caused by occlusions will decrease or even disappear.
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from the other two axes. Since λ1 and λ2 have similar values, the X-axis is diﬃcult to estimate accurately. The axes are
determined by the difference of the eigenvalues. When we remove the normalization factor, the scale of the eigenvalues
will change. Nevertheless, the proportion between the eigenvalues does not change, as well as eigenvectors. This means that
it is the ratio between the eigenvalues determines the axes. We deﬁne the condition number as:



condxy = λλ1
2
condxz = λλ1 .

(13)

3

A larger condition number means that the two directions are easier to distinguish and the LRF estimation is more accurate.
Therefore, the LRF estimation is an ill-conditioned problem. Eq. (13) indicates that the condition number is not a function
of the normalization factor, so we can omit it to accelerate the calculation.
3.1.3. Disambiguation of sign
After EVD of the covariance matrix, the signs of eigenvectors (i.e., γ 1 , γ 2 and γ 3 ) are ambiguous according to Bro et al.
[3]. In order to obtain a unique LRF, the signs should be redetermined. We use the geometric properties to reorient the
eigenvectors. As discussed in Section 3.1.1, the points in the LRF are represented by the translation-invariant vectors pif
for the translation invariance. For the rotation invariance, the LRF can be expressed as an inverse of the rotation matrix.
Therefore, we deﬁne it as R−1
am = [γ x γ y γ z ] with ambiguous signs, where γ x = γ 1 , γ z = γ 3 and γ y is the cross product
between γ 1 and γ 3 . Then, the coordinates of the neighboring points can be expressed as:

pif R−1
am = pif

γ x γ y γ z = pif · γ x pif · γ y pif · γ z = x i_am y i_am z i_am .

In order to disambiguate the signs, different coordinates are summed as sumx =
Then, we can get the sign of each vector in R−1
am as follows:




signz =

i:di <R

x

i_am

and sumz =



i:di <R

z

i_am .

sumx >= 0
,
sumx < 0

(15)

1
sumz >= 0
,
−1 sumz < 0

(16)

1
−1

signx =

(14)


signy = signx × signz .

(17)
T

Finally, we deﬁne a sign vector as s = [signx signy signz ] . Then the ﬁnal coordinates of the points in the support region can
be expressed as

p i f = pi f R−1 = signx × x i_am signy × y i_am signz × z i_am
Supposing that

R−1

is the disambiguation result of

R−1
am ,

= x i y i z  i .

the unique LRF can be denoted by

(18)
R−1

=

R−1
am s.

3.2. WHI generation
3.2.1. Coding function analysis
The 3D information coding based on 2D forms has been applied in many descriptors, such as the snapshots [24], LPHM
[25], TOLDI [42] and LHID [34]. According to the coding method, we deﬁne a coding function (denoted by F ) for each descriptor. In general, the 3D local shape can be considered as a surface in 3D space and expressed as F (x, y, z ) = 0. According
to Malassiotis and Strintzis [24], the coding function of the snapshots can be expressed as:
Fz (x, y ) = z.

(19)

Similar to the snapshots, the methods LPHM [25] and LHID [34] also use the same coding function. Nevertheless, the TOLDI
[42] uses the combination of Fz (x, y ) = z, Fx (y, z ) = x and Fy (z, x ) = y as the coding function. These coding functions take
the feature point pf as the origin. In the LRF, if the coordinates of a point are [xi , yi , zi ], the corresponding value of the
function is:





Fz (xi , yi ) = zi = pif · γ z = pi − p f · γ z .
If the point is pf , then,









Fz x f , y f = p f − p f · γ z = 0.

(20)

(21)

We assume that the local surface is continuous, then the function Fz (x, y ) = z is also continuous, which can be expressed
by ε − δ, i.e., for any small value ε , there always exists a δ , yielding



Fz (x, y ) − Fz x f , y f



< ε,

(22)
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Fig. 4. The three curves illustrate three different conditions of the feature space. The red curve is the ideal well-condition. It means that every dimension
has the same variance. The blue curve indicates the condition of directly mapping the 3D information to the corresponding 2D feature space. The green
curve represents the condition of the feature space optimized by the weighted coding function. (For interpretation of the references to color in this ﬁgure
legend, the reader is referred to the web version of this article.)

(x − x f )2 + (y − y f )2 < δ . This indicates that the value of the coding function Fz (x, y ) is always close to zero near
pf . As (x, y) moves away from the origin, the amplitude of the function Fz (x, y ) increases gradually.
when

For simplicity, the mathematical modeling and equivalent analysis of the coding function are performed in 2D space.
Then, the equivalent coding function is denoted by F (x ), x ∈ [0, 1]. Supposing that the coded feature space n has n
dimensions, the ith dimension represents the function feature corresponding to x = i/n. We also assume that the feature
space is well-conditioned. It means that if each dimension is treated as a random variable, their variances are equal. As
illustrated in Fig. 4, the red curve represents the well-condition. The sequence (ω1 , ω2 , , ωn ) denotes the feature vectors
of the well-conditioned feature space. However, the feature space has special property as shown in Eq. (22), which is
abstracted and simpliﬁed to the blue curve in Fig. 4. Nevertheless, in order to simplify the analysis, we assume that the
blue curve is obtained by multiplying the envelope function f (x ) = x by the well-conditioned feature. As shown by the blue
curve in Fig. 4, the ﬂuctuation amplitude of each dimension changes due to the continuity of the coding function. We deﬁne
this property as a system, of which the response is a new feature space, expressed as:
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(23)

where ei is the direction vector of n and the ﬁnite sequence (r1 , r2 , , rn ) deﬁnes this system. In this system, we set
ri = i/n. Ultimately, the system is expressed as matrix A, the input is ω and the output is the system response f that is
illustrated by the blue curve in Fig. 4. If we set ri = 1, the corresponding system response is the red curve in Fig. 4. According
to Eq. (23), the system can be equivalent to a diagonal transformation matrix A composed of the sequence (r1 , r2 , , rn ).
The red and blue curves in Fig. 4 indicate that matrix A determines the variance of each dimension of the feature space.
Therefore, the sequence (r1 , r2 , , rn ) can be considered as the eigenvalues of the system.
In the feature space, the distance metrics are used for the matching of the features. We give two commonly used distance
metrics





d1 f, f = f − f =

n


ω i − ω  i r i e i  =

i=1



d 2 f , f = f − f   =
2







n

i

n

i=1

(ri (ωi − ω i ) )2 =

εi ri ,


n


(24)

(ri εi )2 ,

(25)

i=1

where εi = (ωi − ω i ) is the difference of the ith dimension between two features. For d1 (f, f ) or d2 (f, f ), ε 1 always corresponds to a smaller weight r1 , however, ε n corresponds to a larger one rn . Assuming that ε1 = εn , the change of d1 (f, f )
or d2 (f, f ) caused by ε 1 will be much smaller than that caused by ε n . This indicates that the current feature space is not
well-conditioned.
In particular, we deﬁne the condition number to describe each dimension. The sequence (r1 , r2 , , rn ) are the eigenvalues of the diagonal matrix A, so λi = ri . The notation λmax denotes the largest eigenvalue. Then, the condition number of

T. Sun, G. Liu and S. Liu et al. / Information Sciences 520 (2020) 209–231

217

each dimension can be deﬁned as:

condi =

λmax
.
λi

(26)

When each dimension has a similar effect on the distance metrics, the feature space is more expressive, and the condition
number condi is closer to one. Therefore, this problem is a well-conditioned problem.
3.2.2. Weighted coding function
In this paper, in order to make the feature space close to well-condition, we propose a weighting function, which is
deﬁned as:
W (x, y, z ) = η + (1 − η )

(R − di (x, y, z ))
R

0 < η ≤ 1,

,

(27)

where η is a factor that controls the range, R is the support radius, and di (x, y, z) is the distance between pf and pi . Then,
we optimize the coding function with this weighting function. The weighted coding function is deﬁned as:
F (x, y, z ) = W (x, y, z )Fz (x, y ) =




( R − di )
η + (1 − η )
× z(x,y) .
R

(28)

In order to illustrate the role of the weighted coding function, we take the 2D space described in Section 3.2.1 as the
premise for analysis. In Eq. (23), the sequence (r1 , r2 , , rn ) that forms the system matrix A can be considered as the
samples of function f (x ) = x. Similarly, as for the weighted coding function Eq. (28), the corresponding sequence can also
be considered as the samples of function f (x). In order to simplify the analysis, we set R = 1, η = 0.3. In the equivalent 2D
space, di is equivalent to x. Then, the equivalent coding function becomes

f  (x ) = (1 − 0.7x ) × f (x ) = (1 − 0.7x)x.

(29)
4
3

We assume that when condition cwell : condi <
is true, the corresponding ith dimension is well-conditioned. Fig. 5 illustrates the differences between the two coding functions. As shown in Fig. 5, the value of the function represents the
eigenvalue, so the maximum value of the function is the maximum eigenvalue λmax . Fig. 5(a) shows that for the function
f (x ) = x, the region that satisﬁes the condition cwell is

1
4

X1 = XB − XA = ,

(30)

9
while for f (x), Fig. 5(b) shows that the region is X2 = 14
. Obviously, X2 > X1 . This means that the function f (x) has
a larger region that satisﬁes the condition cwell . In other words, compared with f (x), the weighted coding function makes
more dimensions close to well-condition in the feature space. In order to further compare the two coding functions, we
normalize the weighted coding function and draw the system response in Fig. 4, shown in green. In Fig. 4, the weighted
coding function (the green curve) is closer to the well-condition (the red curve) than the original one (the blue curve).
The weighting function W can not only optimize the condition numbers but also resist the estimation error of X-Y
coordinate system in the LRF. As analyzed in Section 3.1.2, λ1 is close to λ2 . Therefore, the estimated X and Y axes are likely
to deﬂect at an angle as shown in Fig. 6. In the coordinate system in Fig. 6, the error of a point coordinate is proportional

Fig. 5. Condition number analysis: In the feature space, the condition number of each dimension is deﬁned as the ratio of the maximum eigenvalue to
the corresponding eigenvalue, expressed as condi = λλmax . The condition number can be expressed as condi = λf max
, where the maximum eigenvalue is the
(x )
i
maximum value of the function. We assume that when condi < 4/3, the feature is well-conditioned. For function (a), the region corresponding to the
well-condition is XB − XA = 1/4. For function (b), XB − XA = 9/14.
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Fig. 6. When the coordinate system is rotated by a certain angle, the coordinates of the points will change. The points that are near the origin change less
than those that are far away. For example, in the XOY coordinate system, the coordinates of the points A and B are (xA , yA ) and (xB , yB ), respectively. While
in X OY , the coordinates are (x A , y A ) and (x B , y B ), respectively. Obviously, |xB − x B | > |xA − x A | and |yB − y B | > |yA − y A |.

to the distance from the point to the origin. Therefore, the coordinates error can be reduced if the points far from the origin
have smaller weights. Fortunately, the weighting function W can suppress this error simultaneously.
Remark. We use an approximate equivalence analogy to analyze the problem. For example, we use f (x ) = x to approximate
the equivalent system corresponding to the code function Fz (x, y ) = z. To an actual surface with random distribution, the
above analysis shows that the proposed weighting function can improve the expression of the original surface. The optimization theory is satisﬁed with the general function f(x) in most cases.
3.2.3. Generation of the WHI descriptor
In order to generate descriptors, the coding function should be encoded again or directly discretized into descriptors. For
example, the snapshots [24] and TOLDI [42] directly map the coding function to descriptors. While the LPHM [25] encodes
the coding function Fz (x, y ) = z twice. The descriptor is discretized by the lattice. In the existing methods [24,25,42], the
value of the lattice is usually deﬁned as the shortest projection distance to resist the occlusions. When the neighborhood
of a local surface is much smaller than the whole object, the function Fz (x, y ) = z is generally single-valued. However, the
functions Fx (y, z ) = x and Fy (z, x ) = y are usually multi-valued. So in this paper, the pixel (lattice) value of the image is
determined by the mean of all the weighted heights rather than the minimum distance. Then, the proposed descriptor is
deﬁned as a Weighted Height Image (WHI),

WHI(x, y ) =

1
k(x, y )



(pif ·γ x ,pif ·γ y )∈WHI(x,y)





W (x, y, z ) × pif · γ z ,

(31)

where k(x, y) is the number of the points projected onto the lattice WHI (x, y). We let z = pif · γ z , which is a random
variable. Since the point clouds are easily disturbed by noise, we assume that the mean of the random noise n is zero. Then
the expectation of random variable (z + n ) can be expressed as:

E z + n = E z + E [n] = E z .

(32)

This indicates that the statistical property of mean is robust to the zero-mean noise.
To increase the eﬃciency of the WHI, we directly reuse the calculations x , y and z obtained in Eq. (18). Moreover, the
distances di (x, y, z) calculated in Eq. (10) are shared with the weighting function in Eq. (27). Therefore, only a few weights
and mean calculations are required in the generation of the WHI. Attributed to the sharing calculations between the LRF
and the 3D information coding, our method is very eﬃcient.
In the discretization process, some pixels may have no corresponding projected points. For the purpose of ﬁlling these
“holes”, the method snapshots [24] uses linear interpolation, while the TOLDI [42] ﬁlls the “holes” with a larger value. Since
the continuity of F (x, y ) may be broken by the discretization or noise, we use the Gaussian ﬁlter to smooth the WHI for
restoring the continuity. We assume that the random surface is uniformly distributed in X-Y plane. The probability density
function is



f (x, y ) =

1
,
4R 2

(x, y ) ∈ D

0,

(x, y ) ∈/ D

,

(33)

where D is the rectangular region of the WHI, D : −R ≤ x ≤ R, −R ≤ y ≤ R. The edge probability density of the random variable X is

f X (x ) =



R

−R

1
1
dy =
.
2R
4R2

(34)
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Similarly, fY (y ) =

σx2 = σy2 =

4R2
12

=

1
2R . Therefore, X and Y are both uniformly
2
R
3 . Then, we deﬁne the Gaussian ﬁlter as:



u2
v2
H (u, v ) = exp −
−
2
2 σx
2σy2





= exp −

3 u2 + v2
2R2
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distributed. So their means E(X ) = E(Y ) = 0, and the variances

!
.

(35)

Hence, we can obtain the kernel coeﬃcients with different kernel sizes, which is an optional parameter. The effect of this
parameter on the performance of the descriptor will be analyzed in detail in Section 4.3.
Compared with similar methods such as the snapshots [24], LPHM [25] and TOLDI [42], our method has at least four
advantages, summarized as follows:
(1) Our WHI is equipped with our presented simpliﬁed LRF.
(2) For coding function, the snapshots [24] directly uses the function Fz (x, y ) = z. The TOLDI [42] combines multi-view
information for coding. For rotation-invariance, the LPHM [25] carries out log-polar coordinate transformation and
Fourier expansion. The coding function Fz (x, y ) = z is encoded again. Our method uses a weighted coding function,
which is close to well-condition and can reduce the adverse impact caused by the estimation error of X and Y axes
in the LRF.
(3) In the process of discretization, the pixel value is deﬁned as the distance of the nearest point in the snapshots [24],
LPHM [25] and TOLDI [42]. While in our method, the pixel value is deﬁned as the mean value, which is robust to the
zero-mean noise.
(4) In order to ﬁll the “holes”, the snapshots [24] uses linear interpolation. While the TOLDI [42] ﬁlls them with a large
value. Considering the continuity of the coding function, we smooth the WHI with the Gaussian ﬁlter.
4. Experiments
In this section, we study the accuracy, eﬃciency and compactness of the descriptors. We ﬁrst introduce the evaluation
criteria, the experimental setup and the datasets. Then, the performance of the proposed descriptor is evaluated by comparing with several SOTA algorithms.
4.1. Evaluation criteria
Precision-Recall Curve (PRC) [27] is one of the most popular criteria used for evaluating the descriptiveness of the descriptors. As described in [14], PRC is generated by using the Nearest Neighbor Distance Ratio (NNDR) technique [23,27].
Speciﬁcally, the features of the source and target point cloud are ﬁrst extracted, respectively. According to NNDR, for each
feature fSi of the point pSi in the source, we ﬁnd the nearest and second nearest neighbors (denoted by fTi1 and fTi2 , corresponding to pTi1 and pTi2 , respectively) in the target. Then, the distance ratio is deﬁned as

r=

 fSi − fTi1 2
,
 fSi − fTi2 2

(36)

where the operation  · 2 represents the Euclidean distance in the feature space. When r is less than a certain threshold
τ , the satisfying points are selected as candidate points. The number of them is denoted by Nmatch . If the distances between
the candidate points and the ground-truth are smaller than another threshold τ g , such matches are considered as correct.
The number of the correct matches is denoted by Ncorrect . The total number of the points that are used for matching is
deﬁned as Ntotal . Then, we can calculate the precision rate and recall rate, expressed as:

P recision =
Recall =

Ncorrect
,
Nmatch

Ncorrect
.
Ntotal

(37)
(38)

Finally, RPC is drawn by changing the threshold τ from 0 to 1.0.
The area under PRC denoted by AUCpr [6] is another popular criterion to evaluate the robustness [14] and the compactness [14,50] of the descriptors. In this paper, we use AUCpr to represent the accuracy of the descriptors.
4.2. Datasets and experimental setup
We use the public descriptor matching datasets provided in [36]1 to validate the algorithms, including Bologna, Kinect
and Space time datasets as shown in Figs. 7 and 8. All the datasets contain several scenes and models, where the scenes
1

http://www.vision.deis.unibo.it/research/78-cvlab/80-shot.

220

T. Sun, G. Liu and S. Liu et al. / Information Sciences 520 (2020) 209–231

Fig. 7. Balogna dataset and its modiﬁcations. The dataset consists of models and scenes. The scene is composed of several models. The ﬁgures show (a)
models, (b) scene, (c) Gaussian noise data, (d) decimation data and (e) shot noises data.

Fig. 8. Two 2.5D datasets, (a) Space time dataset, (b) Kinect dataset. Every dataset consists of models and scenes. The scene is generated by several models
with background.

are composed of a series of models. We modify the Bologna dataset to evaluate the performance of the robustness and
the descriptiveness on the Gaussian noise, varying mesh resolution and shot noises according to Guo et al. [14]. For a
comprehensive evaluation, we also calculate AUCpr performance on the popular 2.5D datasets Space time and Kinect [37].
In the matching process, instead of detecting the feature points, we randomly sample 10 0 0 points in a model and extract
the corresponding points in the scene as the feature points. Then, the features of the scene and the models are extracted
and matched. We use the Fast Library for Approximate Nearest Neighbors (FLANN) [28] to realize fast feature matching.
For comparison, based on Point Cloud Library (PCL) [32] (version 1.8.1), we compare the performance with several SOTA
methods such as the SI [21], 3DSC [11], USC [35], SHOT [36] RoPS [15], LFSH [40] and TOLDI [42]. We run our experiment
on a 3.4 GHz Intel(R) Core(TM) i5-7500 processor with 8 GB RAM.
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Fig. 9. WHI parameters analysis: (a) AUCpr performance with different support radii. (b) PRC performance with different kernel size.

4.3. Parameters analysis
4.3.1. Support radius
The main purpose of this experiment is to analyze the accuracy with different support radii. So that we can set an
appropriate radius R to make the descriptors perform well. We use AUCpr to evaluate the accuracy, as shown in Fig. 9(a).
In this experiment, we set the size of the WHI to ws × ws = 12 × 12 = 144. All radii are measured in mesh resolution (mr)
of the original point cloud. The test decimation data is obtained by downsampling the scene to 1/32 of the original mesh
resolution.
The results shown in Fig. 9(a) indicate that the accuracy of the WHI improves as the support radius increases on the
Gaussian and decimation datasets, while for the shot noises data, AUCpr is not sensitive to the support radius. When R
approaches 20 mr, AUCpr is close to the highest for the shot data. For the Gaussian data, the corresponding optimal radius
is approximately 25 mr. While for the decimation data, the optimal radius is approximately 45 mr, which is larger than that
of the shot noise and the Gaussian noise data. This is because if the support radius is not increased, there will be fewer
points in the support region due to the low resolution of the decimation data. Therefore, in order to make the decimation
data have higher accuracy, the support radius should be larger.
As stated in [42], a relatively large R performs well because there is more information available to discriminate the
features. Thus, we also analyze the accuracy of several SOTA descriptors with different support radii as shown in Fig. 10.
For each support radius, we add and average the values of AUCpr of all the descriptors. Then, we ﬁnd that for the Gaussian
noise data, when the support radius is 30 mr, all the descriptors can perform well. For the shot noises and the decimation
data, the appropriate radii are 25 mr and 45 mr, respectively.

Fig. 10. AUCpr performance of descriptors with different support radii on the (a) Gaussian noise, (b) shot noises and (c) decimation data.
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4.3.2. The kernel size
As introduced in Section 3.2.3, the kernel size of the Gaussian ﬁlter is an optional parameter. The descriptiveness is
analyzed with different kernel sizes by PRC, as shown in Fig. 9(b). The curves show that for the kernel size of 3 or without
a smooth ﬁlter, the precision rate does not increase but decreases at a lower recall rate. When the kernel size is larger than
5, the descriptiveness increases. It means that the Gaussian ﬁlter can improve the descriptiveness of the WHI. Considering
the complexity of the ﬁltering, we prefer to choose a smaller kernel size, so we set the kernel size to 5 × 5.
4.4. Accuracy
In this section, we ﬁrst use the RPC [27] to evaluate the descriptiveness performance. Then, we use multiple experimental
RPCs to illustrate the robustness. Finally, we calculate AUCpr for overall accuracy evaluation. For the sake of fairness, we
ensure that every step in the evaluation the same, including the common parameters such as the support radius. The support
radius is measured in mr. In order to make a comprehensive evaluation of the WHI with different dimensions, the size of
the WHI is set to 4 × 4, 6 × 6, 8 × 8, 10 × 10, 12 × 12, 16 × 16 and 20 × 20, denoted by WHI16, WHI36, WHI64, WHI100,
WHI144, WHI256 and WHI400, respectively.
4.4.1. Gaussian noise data
As illustrated in Section 4.3.1, a larger radius yields higher PRC performance. For the purpose of objectively evaluating the
accuracy of the descriptors, the support radius should be appropriate for all the methods. So in our experiment, the support
radius R is set to 30 mr according to the experimental results reported in Fig. 10(a). We add the Gaussian noise to the
Bologna dataset with the standard deviation of 0.1 mr, 0.3 mr, 1.0 mr and 2.0 mr. Fig. 7(c) is an example of Gaussian noise
data. Fig. 11 shows the RPC results. When the noise is smaller, such as 0.1 mr, 0.3 mr, the USC, RoPS, TOLDI and ours have
similar descriptiveness performance. When the standard deviation increases to 1.0 mr or 2.0 mr, our descriptors outperforms
the others. However, the TOLDI and RoPS descriptors are sensitive to the larger Gaussian noises. These ﬁgures show that
the USC and our method are robust to the Gaussian noise. Moreover, the WHI16 also achieves better descriptiveness and
robustness, which suggests that our lower dimensional WHI is still effective. If the point cloud is disturbed with the Gaussian
noise, the angles between the points will change greatly. Therefore, the angle-based LFSH descriptor is sensitive to the
Gaussian noise as shown in Fig. 11.
4.4.2. Shot noises data
As shown in Fig. 7(e), the shot noises points [14] are the outliers with a certain amplitude in the point cloud. We generate
the outliers in a ratio of 2.0% and 5.0% with 3 mr and 6 mr amplitude in the scene, respectively. In this experiment, we set
the support radius R to 25 mr according to the experimental results reported in Fig. 10(b). Fig. 12 illustrates that for the PRC
performance, the USC is superior to the others, while the TOLDI and ours is close to the USC. Specially, the PRC performance
of our WHI400 is very close to that of the USC in the four experiments. We ﬁnd that in our proposed descriptors, the
performance improves as the dimension increases. The LFSH is also sensitive to the shot noises. According to the four curves,
with the increase of the outliers and the noise amplitude, the performance of the RoPS decreases substantially. The four
ﬁgures show that the USC, TOLDI and WHI are robust to the shot noises.
4.4.3. Cross resolutions data
In order to evaluate the performance on different resolutions, we re-sample the scene to 1/4, 1/8, 1/16 and 1/32 of the
original density as shown in Fig. 7(d). The models remain at the original resolution. As aforementioned in Section 4.3.1, cross
resolutions experiment requires a larger support radius. This is because the premise of extracting a feature is the existence
of the neighboring points in the support region. Therefore, the support radius R must be larger than the density of the
decimation data. We deﬁne the original resolution of the models as 1 mr. So, the support radius is set to 35 mr for the ﬁrst
three cross resolutions experiments and 45 mr for the last one. Fig. 13 shows the PRC results. As for 1/4 and 1/8 decimation,
the USC is superior to the others. The RoPS, TOLDI and our descriptors have a similar performance following the USC. When
the rate of the decimation reaches 1/16 or 1/32, our descriptors outperform the others, followed by the RoPS and TOLDI.
The four PRC curves in Fig. 13 illustrate that our WHI is more robust than the others. While the SHOT, SI, LFSH and 3DSC
are sensitive to the cross resolutions data.
4.4.4. Comprehensive evaluation
In order to evaluate the performance more comprehensively, various experiments have been conducted through varying
components of methods as well as test datasets. First, the Gaussian noise and varying mesh resolution are combined to
create more challenging testing scenarios. Second, we test two other challenging datasets, Space time and Kinect dataset
[37]. Fig. 8(a) shows the Space time dataset, its surface is smooth and diﬃcult to discriminate. Fig. 8(b) shows the Kinect
dataset acquired by Microsoft Kinect v1. The data is of low quality with noise. Both of these datasets are 2.5D with serious
occlusions. Third, in order to analyze the performance of the LRF, we test the proposed WHI equipped with different LRFs
proposed in [36] and [42], named as LRF(SHOT)+WHI and LRF(TOLDI)+WHI, respectively. Then, to verify the effectiveness of
the proposed weighting function, we remove the weighting function in WHI400, named as HI400. Moreover, we weight the
corresponding view of the TOLDI by a similar weighting function for further evaluation.
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Fig. 11. Gaussian noise experiment: Gaussian noises with standard deviation of (a) 0.1 mr, (b) 0.3 mr, (c) 1.0 mr and (d) 2.0 mr are added to the Bologna
data, respectively. The ﬁgures show the PRC curves.

Table 1 shows the AUCpr performance of the above challenging datasets and the dimension of each descriptor. The results
show that our method outperforms the other competitors on the Gaussian, decimation, Gaussian+decimation, Kinect and
Space time datasets. While for the shot noises data, the USC achieves the best performance due to its high-dimensional
space partition that makes the shot noises only interfere with a small number of dimensions by sacriﬁcing the compactness.
Nevertheless, our method adopts smooth ﬁltering, which is not only robust to the shot noises but also compact. In terms of
AUCpr performance, our WHI is very close to that of the USC and superior to the others.
In order to verify the effectiveness of the proposed simpliﬁed LRF, we compare WHI40 0, LRF(SHOT)+WHI40 0 and
LRF(TOLDI)+WHI400 in Table 1. The comparison between WHI400 and LRF(SHOT)+WHI400 indicates that the performance
of the proposed simpliﬁed LRF is very close to that of SHOT [36] for the Gaussian, decimation and shot noises datasets. For
the occluded datasets, such as Kinect and Space time, our simpliﬁed strategy is more robust than the SHOT as analyzed in
Section 3.1.2. With regard to the LRF(TOLDI)+WHI400, the AUCpr performance is close to the TOLDI and lower than WHI400,
which indicates that the performance is limited by the LRF proposed in [42].
For the weighting function, the accuracy of WHI400 is higher than that of HI400 by a large margin, which shows that the
proposed weighting function plays an obvious role in improving the feature space expression capabilities. The comparisons
of the AUCpr performance between the TOLDI, W+TOLDI and LRF(TOLDI)+WHI400 further illustrate the effectiveness of the
proposed weighting function.
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Fig. 12. Shot noises experiment: The descriptors are evaluated on the shot noises data. The ﬁgures show PRC curves with the shot noises of (a) 2.0% outlier
and 3 mr amplitude, (b) 5.0% outlier and 3 mr amplitude, (c) 2.0% outlier and 6 mr amplitude and (d) 5.0% outlier and 6 mr amplitude, respectively.

In conclusion, the average value of the AUCpr is used as the performance of accuracy. The overall accuracy evaluation
result is shown in Fig. 14. The results show that the accuracy of WHI100, WHI144, WHI256 and WHI400 are higher than
that of the USC. WHI256 is superior to the others. Although the TOLDI is also the method that encodes the 3D information
in 2D forms, our 16-dimensional WHI achieves the AUCpr performance of the 1200-dimensional TOLDI. Although WHI36 is
close to the LFSH in dimension, WHI36 has 4.08 times the accuracy of the LFSH. All of the above experimental results fully
illustrate the effectiveness of the proposed method.
4.5. Compactness
The dimension of the descriptors affects the memory footprint and the matching time. There is a trade-off needs to be
made between the dimension and the accuracy. Researchers use the term compactness to represent the descriptiveness per
unit ﬂoating number [14,50], deﬁned as:

Compactness =

The average value of the AUCpr
.
The dimension of the descriptor

(39)

According to Table 1, the compactness performance is calculated and shown in Fig. 15(a). The results in Fig. 15(a) show that
WHI16, WHI36, WHI64 and WHI100 have higher compactness than the others. Fig. 15(b) shows the scatters of the AUCpr
versus dimension. Since the dimension of the LFSH is 30, the compactness is relatively higher than the others. However,
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Fig. 13. Cross resolutions experiment: The scenes are downsampled to (a) 1/4 decimation, (b) 1/8 decimation, (c) 1/16 decimation and (d) 1/32 decimation,
respectively. While the models keep the original density. The ﬁgures illustrate the PRC curves with cross resolution.

as recorded in Table 1, the accuracy of the WHI is much higher than that of the LFSH. As shown in Fig. 15(b), the 16dimensional WHI16 is 3.67 times more accurate than the LFSH. Therefore, WHI16 achieves the highest compactness, which
is 6.89 times as much as that of the LFSH. In terms of accuracy, WHI64 is very close to the USC, but about 30.33 times as
compact as the USC. Furthermore, WHI16 has 103.26 times the compactness of the USC.
The results discussed in Section 4.4 show that the USC and TOLDI have higher robustness and descriptiveness. However,
their compactness is severely restricted by their dimension. In contrast, the WHI requires only 64 dimensions to achieve
the similar performance of the USC and 16 dimensions to achieve the equivalent performance of the TOLDI. Obviously, the
descriptors based on the WHI are more compact. Although the LFSH achieves a high degree of compactness, the accuracy of
the LFSH, as shown in Table 1 and Fig. 14, is relatively limited. As for our method, WHI16 not only has a fewer dimension
than the LFSH, but also has a higher AUCpr performance, which is an important breakthrough for the existing technologies.
That is to say, the improvement of the compactness is free from sacriﬁcing accuracy when the dimension decrease.
4.6. Eﬃciency
To evaluate the eﬃciency of each algorithm, we test the extraction time of each descriptor under the same condition.
The computational time of an algorithm is often related to the number of points in the support region. So we change the
number of points in the support region by controlling the support radius R from 5 mr to 30 mr. Then, we get the ﬁnal result
as shown in Fig. 16.
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Table 1
The dimension of descriptors and the average AUCpr on challenging datasets. The best results are shown in bold.
Descriptor

WHI16
WHI36
WHI64
WHI100
WHI144
WHI256
WHI400
HI400
LRF(SHOT) +WHI400
LRF(TOLDI) +WHI400
SHOT
RoPS
SI
USC
3DSC
LFSH
TOLDI
W+TOLDI

Dimension

16
36
64
100
144
256
400
400
400
400
352
135
153
1960
1980
30
1200
1200

Dataset (AUCpr )

Average AUCpr

Gaussian

Decimation

Gaussian+Decimation

Shot

Kinect

Space time

0.6975
0.7275
0.7494
0.7651
0.7706
0.7781
0.7731
0.7484
0.7746
0.6455
0.2915
0.5625
0.2469
0.7748
0.1342
0.1162
0.6343
0.6437

0.4113
0.4683
0.4974
0.5144
0.5214
0.5057
0.4503
0.3928
0.4514
0.3521
0.1212
0.4524
0.0827
0.4274
0.0683
0.0300
0.4002
0.4034

0.3230
0.3821
0.4027
0.4295
0.4182
0.4014
0.3704
0.3504
0.3614
0.2716
0.1063
0.1976
0.0240
0.3447
0.0468
0.0096
0.2864
0.2891

0.7750
0.8137
0.8605
0.8836
0.8977
0.9148
0.9210
0.9058
0.9186
0.8746
0.4467
0.4456
0.5863
0.9315
0.2496
0.3106
0.8691
0.8725

0.0765
0.0971
0.1064
0.1113
0.1144
0.1137
0.1124
0.0836
0.1065
0.0677
0.0889
0.0810
0.0052
0.1026
0.0622
0.0098
0.0685
0.0717

0.2976
0.3806
0.4165
0.4564
0.4685
0.4792
0.4902
0.4579
0.4817
0.4335
0.4793
0.3847
0.2607
0.4808
0.0557
0.2264
0.3178
0.3258

0.4302
0.4782
0.5054
0.5267
0.5318
0.5321
0.5196
0.4898
0.5157
0.4408
0.2557
0.3540
0.2010
0.5103
0.1028
0.1171
0.4294
0.4344

Fig. 14. Accuracy comparison: The average AUCpr performance of descriptors.

Fig. 15. The compactness performance of the descriptors: (a) Compactness histogram. (b) AUCpr and dimension of descriptors. The X-axis is shown logarithmically for a better view.
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Fig. 16. Eﬃciency evaluation: (a) Computational time of the WHI with different dimension. (b) Computational time of the descriptors under different
support radii. The Y-axis is shown logarithmically for a better view. (c) Computational time of the descriptors with the support radius of 15 mr.

According to the result shown in Fig. 16(a), the dimension of the WHI has very little effect on the computational time.
Therefore, we use WHI100 to represent a series of WHIs in the comparison experiments. Fig. 16(b) illustrates that the WHI
runs faster than the others, while the RoPS, USC and 3DSC are relatively time-consuming. When R is smaller, the TOLDI is
faster. However, when R is larger than 15 mr, its eﬃciency will be lower than that of the SI and LFSH. Furthermore, we test
the time of the WHI equipped with different LRFs that proposed in [36,42]. The results show that the LRF(SHOT)+WHI and
LRF(TOLDI)+WHI are less eﬃcient than our simpliﬁed LRF based method, which veriﬁes the high eﬃciency of our simpliﬁed
LRF. Generally, for the sake of eﬃciency, the support radius is usually set to 15 mr. The corresponding computational time
of 15 mr is shown in Fig. 16(c). When the support radius is set to 15 mr, the WHI only takes 0.359 s, several times faster
than the others. The high eﬃciency of the WHI is mainly attributed to the simpliﬁed LRF and the reuse of the calculations.
Remark. In this paper, we indirectly evaluate the performance of the proposed simpliﬁed LRF through the evaluation of the
WHI descriptor. The results analyzed in Sections 4.4.4 and 4.5 can indirectly indicate the robustness and repeatability of the
simpliﬁed LRF. Furthermore, the experiment fully proves the signiﬁcant positive effect of the simpliﬁed LRF on the eﬃciency
of the descriptor.
5. Point cloud registration application
An important application of the 3D local descriptors is point cloud registration that shares the pipelines with many
applications, such as 3D reconstruction [33,38], 3D recognition [13,15,22] and surface alignment [8,50]. The point cloud
registration is the transformation of the point clouds from different coordinate systems to the same coordinate system. The
process can be formulated as:

(R∗ , T∗ ) = arg min
R,T



R · P S + T − P T  2 ,

(40)

where R is the rotation matrix, T is the translation vector, PS is the source point cloud and PT is the target point cloud.
Usually, the descriptors are used as features for ﬁnding matching pairs between two different viewed point clouds. Then,
the transformation between the two frames can be estimated based on these correspondences. In this paper, we propose a
WHI based point cloud registration method, including two steps, i.e., the 3D local descriptor based coarse registration and
the Iterative Closest Point (ICP) [2] based ﬁne registration. In the coarse process, we use the WHI to ﬁnd correspondences
and estimate a coarse transformation. In the reﬁned process, we use the popular ICP algorithm to reﬁne the coarse result.
Speciﬁcally, the ICP algorithm relies heavily on a good initialization provided by the coarse step. Meanwhile, this is the most
time-consuming part of the registration phase [12]. In this section, we utilize WHI16 for the coarse point cloud registration.
The support radius is set to 15 mr.
In this experiment, we use the public Stanford 3D Scanning Repository2 dataset [5] for registration. The dataset contains
four models (“Standford Bunny”, “Armadillo”, “Dragon” and “Happy Buddha”), as shown in Fig. 18. The number of points in
the raw input is too large, which is time-consuming for the point feature extraction, matching and ICP in the registration.
So, as the strategy in the paper [40], we downsample PS and PT , getting PS and PT . Then, the WHI features of PS and PT are
extracted, denoted by FS and FT , respectively. In order to generate matching pairs, we ﬁnd the corresponding nearest feature
in FT for every feature of FS . The matching phase is implemented by using the kd-tree algorithm in FLANN [28] library.
However, there may be false matches after the matching phase. So, RANdom SAmple Consensus (RANSAC) [9] algorithm is
used for ﬁltering out the false matching. We use all the inliers to estimate the rotation matrix RC and the translation vector
TC by using Singular Value Decomposition (SVD). Then, we can get the coarse registration results PSC by transforming the
source point cloud PS to the new coordinate system. Finally, the ICP algorithm is used for the ﬁne registration. In order to
2

http://graphics.stanford.edu/data/3Dscanrep/.
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Fig. 17. The accuracy of the registration based on WHI16.

improve the eﬃciency of this phase, we take PSC and PT as inputs. The RMSE is used for evaluating the accuracy of the
registration, deﬁned as:



RMSE =

N

i=1

RGT · piS + TGT − pio
N

2

(41)

where N is the total number of the source points, RGT and TGT are the ground-truth, piS and pio are the points of the source
point cloud and the output registered point cloud, respectively.
Fig. 17 shows the registration results and RMSE performance. We set the downsampling leaf size to 2 mm. Fig. 17(b)
shows that the results of the coarse registration are very close to that of the reﬁned so that the ﬁne registration can no
longer continue to converge. This means that the coarse registration based on WHI16 can achieve the level of the ﬁne
registration. Fig. 18 shows the results of the coarse and ﬁne registration on four models with the leaf size of 4 mm. We can
see that it is diﬃcult for the naked eyes to distinguish the coarse results from the reﬁned ones.
Since we use a coarse-to-ﬁne strategy, we can improve the speed by sacriﬁcing the precision of the coarse registration to
some extent while keeping a satisfying reﬁned result. In Fig. 17, the coarse registration achieves higher accuracy, with the
cost of higher point cloud density and more feature extraction time. To balance the coarse and ﬁne registration to further
speed up the algorithm, we increase the sampling rate to reduce the input points and registration time. In Table 2, under
different leaf sizes, the accuracy and time are compared. The results show that with the increase of sampling rate, the
eﬃciency of the registration is obviously improved. When the leaf size is 2 mm, the registration time is approximately 1.0 s.
When the leaf size is 4 mm, although the accuracy of the coarse registration decreases, the RMSE of the ﬁne registration
does not increase signiﬁcantly. When the leaf size increases to 7 mm, the registration time decreases to approximately 0.1
s, which is basically real-time, improved by approximately 10 times. At this time, the RMSE still maintains the same level

Fig. 18. The results of registration based on WHI16. From top to bottom are initial position, coarse results and ﬁne results, respectively. The red and the
green colors represent source and target point clouds, respectively. (For interpretation of the references to color in this ﬁgure legend, the reader is referred
to the web version of this article.)
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Table 2
Registration time statistics and RMSE performance. (Nums and Numt represent the number of input source and target points, respectively. Samples and Samplet represent the number of source and target points after downsampling, respectively. tft , tfm , tran , ticp and
tsum represent the feature extraction time, feature matching time, RANSAC time, ICP time and total registration time, respectively.
RMSEc and RMSEf represent the RMSE performance of coarse and ﬁne results, respectively).
Data

Happy Buddha

leaf size (mm)

2

Nums
Numt
Samples
Samplet
tft (s)
tfm (s)
tran (s)
ticp (s)
tsum (s)
RMSEc (mm)
RMSEf (mm)

75582
69158
5304
4633
0.478
0.072
0.099
0.101
0.757
0.660
0.271

4

1592
1341
0.12
0.019
0.034
0.028
0.206
1.026
0.226

Dragon
7

2

562
503
0.041
0.007
0.017
0.03
0.1
6.287
0.371

41841
34836
7155
6312
0.626
0.102
0.131
0.085
0.948
0.226
0.245

Bunny
4

2155
1958
0.175
0.028
0.048
0.015
0.27
0.506
0.203

7

2

835
763
0.063
0.011
0.022
0.01
0.11
0.738
0.651

40256
40097
7133
6813
0.777
0.105
0.144
0.1
1.133
0.183
0.536

Armadillo
4

2067
1997
0.202
0.028
0.046
0.049
0.33
0.522
0.621

7

2

4

7

739
718
0.062
0.014
0.02
0.012
0.112
5.487
0.787

28220
27315
5243
4935
0.453
0.066
0.093
0.057
0.674
0.417
0.317

1752
1488
0.127
0.02
0.035
0.03
0.216
2.676
0.215

590
558
0.043
0.007
0.018
0.003
0.075
1.679
0.813

of magnitude compared with the leaf size of 2 mm and 4 mm. This is because the provided initial position is still valid for
the ICP, even though the accuracy of the coarse registration has decreased.
6. Conclusion and future work
In this paper, we propose a novel WHI 3D descriptor based on a simpliﬁed LRF and the weighted height image. Experiments show that the proposed method is more robust, descriptive, eﬃcient and compact than SOTA algorithms. The
improvement is attributed to our simpliﬁed LRF, sharing computational results, and well-conditioned coding function.
On one hand, through theoretical analysis, we simplify the LRF and the 3D information coding by reducing and sharing
calculations, which makes our method more eﬃcient. On the other hand, theoretical analysis shows that the feature space
of the 3D information is a well-conditioned problem, so we propose the WHI to make the feature space close to wellcondition. The evaluation of the accuracy shows that our WHI has higher descriptiveness and robustness on the Gaussian
noise, shot noises, decimation data and the occluded Space time and Kinect datasets. For the compactness, WHI16 is superior
to the others due to the compact 2D expression. The results of the computational time experiment show that our method is
several times more eﬃcient than the others thanks to the simpliﬁed LRF and fast 3D information coding. Finally, based on
the WHI, we propose a coarse-to-ﬁne point cloud registration, which can achieve high accuracy and real-time performance.
The experiments of point cloud registration further prove the high eﬃciency and accuracy of the WHI. The results also show
that the WHI could be used in real-time applications.
In the future, the 3D information coding with the color and the mesh in the descriptor is an interesting research direction. With the development of the point cloud acquisition devices, such information is easy to obtain, and they have not
been popularly utilized. Applying the WHI to more related projects is also worthwhile. Moreover, the global coding with
local information is another interesting direction for scene understanding and object recognition.
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